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ABSTRACT 


Areal spaces of different types have been studied by several authors, including Cartan [1], Davies [2], Kawaguchi [3] and 
several others. The study of areal spaces through parameter invariant multiple integrals is of great significance as the 
geometrical theory of areal spaces based on multiple integrals by Rund [8, 9] generalises both Finsler as well as Cartan 
spaces. Following Rund’s approach, various aspects of areal spaces have been studied by Rastogi [5, 6, 7]. The aim of this 
paper is to continue that study and give some fundamental relations based on geometrical theory of multiple integrals. In 
this paper, I have defined and studied torse forming vector fields as well as defined and studied concurrent vector fields in 
an areal space X4, parameterised by a subspace C2. Besides fundamental tensors and relations, I have also studied special 


areal spaces like C-reducible areal spaces and some of their properties. 
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INTRODUCTION 


Let Xn be an n-dimensional differentiable manifold with local coordinates xi (i = 1,..., n) and Cr be an r-dimensional 


subspace represented by 
x=xt*), A=1,...,7, (t<n) (1) 


where tA denotes a system of r independent parameters on Cr such that Rund [8] x’iA = 0 xi/ OtA. In such a space let us 
suppose that we are given a function L (xh, x’hE) of n + nr, variables xh, x’hE, which satisfies fundamental conditions 


given in Rund [9] such that 
(OL) x= Ls (2) 
For such a manifold the metric tensor can be expressed as [9] 
oh B(x", xg) = (1/2) (08, oA, L" (3) 
If g',!p is the reciprocal tensor of the metric tensor g*,", we have 
an g's’ = 85% (4) 
On the basis of this metric tensor we have [9] 
Crk = (1/2) (ax g*®) (5) 


and for oi = 0/Oxi 

VAP? = (1/2)(6; ae + Oj oP - A oP), (6) 
which for 

frp = Of x", G's"p = (1/2) (2's'"p + gp's) > Cy ni =0 oa Cy 
and 

PAD = Gs DV Pk - CT is f"F)defines [9] 

ly = r'(Py?s ae are P's) (7) 
such that Ty xk, = Py? A xk, 


For a set of linearly independent differentiable vector field xi, tangent to C, in X,, we have following covariant derivative 


of Xi,, Rund [9] 
Xing = 6 Xn — (07, Ka) Py + Tim XA (8) 


We also have for Then = hy - Fi. 


Cocty{X'ann} = X!q K* cn — (OP X's) K™ oun XP + Ten Xia (9) 
where 

Kh = Caen {On Die — (0°89 Tin) PP 74 + Tah P™ ud (10) 
and 

K* in = Kien + Ts Tet Cacy{ Tim ah Ties T'y!} (11) 


In an earlier paper [7], I have defined following entities: 

On eo, = M‘3; nt Me, h» Mn = Pa M*?, h» My S M\y -_ Cri M"; xa (12) 
and 

Aint = L'* (r) bas as cf. = Cre gts (13) 


If covariant differential in an areal space X, is defined by 


DX", =X'andx"+ X'4,.°, Dim’: (14) 
where mhE represents a unit vector in X,, such that m", = L"“ (ry? x", and 

X'ysn= On Xa (a, X's) MS XE +X) Mh (15) 
and 

x, r Ee = L'* ‘eo ale oe. xi, 4 x, ALF, (16) 


Alternatively, for, d xy = (On xy dx" + (eo, x) dx", , D X‘, can also be expressed as 


DXi, =d Xin + ChE, Xe, dx mg + Min XXq dx™ (17) 


In place of definition (16), we can also use 

ier a? =0 a tT. 2s SFE Ca 7 grr as Tie (18) 
which gives X',,.°, = LL" (0)! Xi, BrP k = 0. 
Corresponding to covariant derivative defined by (1.15), we can obtain 

X'a nk X'a ch = Xa Run — On Xa) R" pan XB + X'4 GT Mh (19) 
where T Sn =M Sin —M Sk and 

Rin = Coch {On M jy — An M 1g) M oP x? + M “hp M Pig} (20) 
Space X4 Parameterised by C2 
In case of n= 4 and r=2, i.e., X4 parameterised by C, we shall have 

4 =0d2L" (oAL) (21) 

If L', =L'” x"q, it satisfies L4; L', = 1, ie., it is reciprocal of L’;, 
From equation (21), we can obtain 

Lye ed L x20, Leah e.StiyL (22) 
Or alternatively we have 

peda Lay (23) 
which gives | <, =L'? 
From equation (21), we can also have Li = on LL: and 

LAB, =L'74(1/2) 0°? a4, L- LA, L*)} (24) 
which satisfies 

Leyes L Lee Lg Last Li eae L, 

7x 1), 72 ee Ls SL, Ly x= WL (25) 
Or alternatively we shall have 

bea eS OU Ge eee SEL (26) 
In X4 parameterised by C2, from equation (3) we can have 

ef =a (Li? ie % LA va) (27) 
which satisfies 

ee xy -2[ 2 i, ee xh, -.22 ia ee xi, x75 aay, (28) 
In X4, we can also define 


na’; =2 LM", of L™) =2 L'? LAR, = oR, _2 i L?, (29) 


which satisfies satisfies na; x, =0. 


Mutually Orthogonal Unit Vectors In X, Parameterised by C2. Corresponding to LiA, in X4, we can also define mutually 


orthogonal unit vectors M“., Nat and N‘o such that 

iba M's = 0, M*; M's =1, L’, Niwa = 0, M*; Niwa = 0, N'aay NAwr =1, 

LA, Niga = 0, M* Nga =0, N° Ni@a=0, Nor Niga= | (30) 
In X4, ae and nh’? can explicitly be defined as 

oP = 2(L4, L®, + M4, M3 + NA NP yj + NY or N70) (31) 
and 

na? = 2(M*; M’, + Niwr N®uy + Noon N* 0) (32) 
Corresponding to these tensors giAjB can be written as 

Pay = Ly Ly + M', M), + Niwa Nias + Nioa Nios (33) 
From equation (2.8), we can obtain by virtue of eae. = a>, La 
a, na’; = L!? LS; (ee L) +2 L'? Cys (34) 
From equation (5) by virtue of (29) and (35), we get 

Cr: = L!? Lye ee ibe Le + L*, ata + iba Ly 6) 5) 
which satisfies 

a? Le _ oe 5 Ly Lis 25 (36) 
If we assume that that nA, = 0, equation (2.8) and (3.2) give ae =2 L‘, LE. La = 0, therefore equation (3.6) gives 
Sarge = 0. Conversely, if Oe =0, we get 

ar, nAP =-204, La. + LL) (37) 
which implies oy (hn) x’‘y = 0. Hence: 


Theorem 3.1.: In an areal space X4 parameterised by C2, vanishing of nA? is the sufficient condition for Cee to vanish. 
Conversely, if oer = 0, the tensor n’?, is homogeneous of degree zero in xs. 


Tensor C4,*;?,, In X4 Parameterised by C2. 
Now we are interested in writing the value of CAP, explicitly in terms of unit vectors. Let us assume that tensor Ce is 
expressed as 

Cea = Cay M‘; M®; Mx. + Cy) Nvwr NP a) Nw. + Cg) N* oi N® 0) Noe at enn) {Cia MA‘, M®; Na + Cys) 
M*; M®j N°@x + Co N®a N? ay MP + Cay N“Gy NP cj NP@x + Cray N° @u NP aj MP + Co) NY @i N¥ a NP + Cao) 
MA(NR Gy Noo + N® 0) Nw} (38) 
Multiplying equation (38) by Be bi we get by virtue of equation (30) and (33) 


CA = Cay + Co + Ca) M*i + (Ce + Cay + CoN“ + (Cay + Cis) + Cp) N“ op 


which by virtue of of C*, = C M%, leads to 

Cay + Co + Ce) =C, Ca + Ca) + Co) = 0, Cay + Cs) + Ca) = 0 (39) 
Hence: 
Theorem 4.1: In a four-dimensional areal space X4, parameterised by a two-dimensional subspace C2, the tensor 
CAiBjDk is symmetric in the pair of indices (A, i), (B, j) and (D, k) and it is expressed by equation (38) such that its 
coefficients satisfy equation (39). 

Multiplying equation (39) by Mi,, Niaya and Nioya respectively, we get by virtue of eee Mi, = eater Cr 
Noivk = sou atid oT Ning ” sagan 

; Cre . Cu) M’ MP + Cuy(M Nay + MP NP ay) + Ces(MPj NP + MP N¥ (2) + Co NPj NP + Cs) N? 00) 

N@k + Cao(N “aj N° @k + N° @j Ncw) (40) 


1nnB D B D B D B D D B B D B D 
Ss Cy c= CoN (nj N coe * Ca Mj Mik + CoN ay Mok + N (yk M°j) + Co(N ay N @et N° Qj Noa) + Co 
N° ai Nk + CaM Na + Mok i) 
(41) 


and 

7CFP = Cay NP aj Nae + Cos) MP) MP + Cr) N¥ ay NP + Cray(N¥ 2, MP + N°) M*) 

+ Co(N¥ aj NP + NP NY ay) + Cao(MPj NP + MP NP) (42) 
From equations (39), (40), (41), (42) we can further obtain 

oar = Cry M*. + Oran Neu + Ci N* on (43) 
which implies: 
Theorem 4.2: In an areal space X4, parameterised by subspace C2, the tensor Cs can be decomposed in terms of the 


vectors M“., N* pr and N‘ yy and expressed in the form of equation (4.4). 
() (2) p 


From equations (39), (40), (41), (42) we can further obtain 


CPP M’p = Cay Mk + Cay NP + Cs) NPE (44) 
CPP Nays = Cay MP + Coe NP + Cao) Ne = C8 M's (45) 
CA Nos = Cos) MP + Ca) NP + Cao) NP = °C? M's (46) 
CPP N'wp = Cay NPae + Co MP + Cy Nx (47) 
CAP Nes = Cay NP + Co) NP@x + Cao) Me = ?C* Pk Ne (48) 
*CPP N's = Cay Nae + Cog) Mx + Coy Nx (49) 


From equations (5.5) a, b, c, d, e, f, we can obtain the values of coefficients C(1) to C(10) as follows: 


BD j K 178 D j k 2B D j k BD j k BD j 
Cay =C jk M'z M D> Ca) =C j k Nis N ()D> Ce) =C jk Nop N (2)D> Cay =C j k M'3 N (DD = C jk Nip 
k BD j k BD j k BD j k 1748 D j k 1748 D j k 
M D> Cos) =C jk M'3 N (2)D = C jk Nop M p»Ce) =C jk Nia N (DD = C jk Ni M D> Cy =C ats ke Nia N (2)D = 


IGBD wii k BD yi k 20BD yyJ k IABD yqgi k 20BD yyJ k BD 
Cj « Nop N ap-C@) = Cj « Nop N (2)D = C; xk Np Md. Coy =C j x Nop N (2)D = C; kt Nop N ayp>C10) = Cc; k 


N’ wep Noy = Ce, Nios Nias = goa Nios MS (50) 
Hence: 


Theorem 4.3: In an areal space X4, parameterised by subspace C2, the coefficients C(1) to C(10) of equation (40) are 
given by equation (50). 


Also, from equation (43), we can obtain 
CF Mia + C8, Nap + 707, Np = CPx (51) 
Hence: 
Theorem 4.4.: In a four-dimensional areal space X4, parameterised by C, the vector out satisfies equation (51). 
C- Reducible Areal Spaces 


In this section we are interested in studying C-reducible areal space X4, parameterised by C2, which has earlier been 


studied by the author [7]. Here in such a C-reducible areal space we shall have 

CAP. = (1/10) (hA8; CP, + bP, CA, + 44; C8) (52) 
Substituting the value of tensor field nA, and C.. we can write equation (52) as 

CAP Pk = (C/5)[3 M4 MP MP + DAP PEMA: (NPonj NP + NP NP H (53) 
Comparing equations (40) and (53), we can establish 

Cay = 3C/5, Ca) = 0, Ca) = 0, Cy) = 0, Cos) = 0, Cosy = C/S, Czy = 0, Cig) = C/S, Coy) = 0, Coy = 0. = (54) 
Hence: 


Theorem 5.1: If a four-dimensional areal space X4, parameterised by C2, is a C-reducible areal space, its coefficients 


satisfy equation (54). 


The tensors C®,”,, 'C®.?, and °C®.”,, defined in (40), (41), (42), (43) shall be given by 
J J J 


eae = (C/5) (3 M?, M?,. + NP) Nw + N® 0) Non) (55) 
CPP. =(C/5) (M?, Nw. + M”, Nay) (56) 
°CP P= (C/5) (M® NP + MP, N¥Q))) (57) 


Torse Forming Vector Fields 


Def. 6.1: A vector field ), in an areal space X,, parameterised by C, shall be called torse forming vector field, if it 


satisfies 

X'y k= Aa Oe + Wk Op X's (58) 
where A, is a scalar field and ls Op is a non-zero vector field. 
From equation (6.1), we can obtain 


X's ,hyk > 5h haat (ws, sk Op + wr, Op ,K) X's + wr, Op(ha 5 ae wy OE X's) 


Which by virtue of equation (19) gives on Simplification 
X's Rien =(0 uk a) Reon X’PB + Xa T= Cow {nak — Aa Hk Op) + X'a (Wn k OD + Wh OD) (59) 
which can be expressed as 


Xs Rien = (a X's) Ro pen x? = Caw {Sn(Aa ,k7 ha ws Op) + X's (Wh ,k Op + Tas OD k— w; Op Mn) — ha 


Miu} (60) 


Hence: 


Theorem 6.1: A torse forming vector field XA), in an areal space X, parameterised by C,, satisfies equation (60). 
Concurrent Vector Fields 


Def. 7.1: A vector field X',(x), in an areal space X, parameterised by C,, shall be called concurrent vector field if it 


satisfies equations 
Rial, (61) 
xi, ce =O, of a? (62) 
where @, is a scalar in C, satisfying @, =r. 
Let xi, in X4, parameterised by C2, be expressed as 
Xy=aL yt BM yt yNaatO Noa (63) 


From equations (62) a and (63), we can write 





X'g,j =a 8) =0,j;La+BjMatyj Naat jNoatalaj+BMajt+yNaajt+ © Neoa,j 
which on simplification by virtue of 

L's; =0, M's.) = B(hj N‘aya + jj Noa), Nia j= ¥CHj M's + kj Nia), Nina) = OG) M'a — kj Naya) (64) 
where hj, jj and kj are vector fields similar to, h-vectors of Finsler space, leads to following relations 

aj =Aa LA, B j= 7 hj-O jt Xa M4, 7,;=- Bh + Ok +44 N*ay © | =-BI,—Y kj + Aa Noy (65) 
From equations (38) and (7.2), we can get 

X' CAP P= B{Cay MP, Mx + Coy(M8, NP + Mx NB yj) + Co(M3; NP + Mk NPQ) + Co NP ay) NPE + 
Cis) N¥aj NP@ + Cao(NP ay NP ax + NP ay NPaw + 1{Ca N®aj Nae + Ca MP MP + CoM NP + MP NY) + 
Can(N*cnj NP + NP NP ay) + Coy NPa@i NPa@x + Cao(Mj NP ae + MP NY ay)} + O{C@) NY ay NP ae + Ci) MP) MP + 
CoN? ay Nak + C(Mj NP + MP N¥ 024) + CoN? ej NP@k + Nay N? (ay) + Cor(MPj NP yk + MN?) (66) 
which by virtue of equations (40), (41), (42) can be expressed as 

xi, oe =p or, +y eae +0 eran (67) 
From equations (62) and (67), we can obtain 

B epy +y io. +0 au an =29 hee (68) 
which on simplification and multiplication by M‘y, Nwp and N*op respectively shall give 


Cay B+ Cay yt Co 8=40, Ca Bt Ce ¥+ CaO =9, Cs) B + Cao) y + Cy 8 = 0, (69) 








CoB+ Ca yt Cn O=4, Ca B+ Co y+ CaO =0, Cao B+ Ca¥ + Co) 8 = 90, (70) 























Cy B+ Coy + Ca O=4 9, Cs) B+ Cao y+ CeO =0, Cro) B+ Cay + Co O=0, (71) 
Equations (69), (70), (71) help us to give 

@ =BC/12, Ca(Cey Cr) — Coy Cp) — Co(Co) Co) — Crs) Cu) + Ca(Cesy Con — Caro’) = 0 (72) 
Hence: 


Theorem 7.1: In a four-dimensional areal space X4 parameterised by a subspace C), a concurrent vector field X', is such 


that some of its coefficients satisfy equation (72). 
In case of a C-reducible areal space, equations (66) can be expressed as 

Xi CAP = B(Cay MP MPa + Coy NY aj NPE + Ces) NY aj NP@e) + ¥ Co(MPj NPaye + MP N% cy) + © Coy 
NP ax + Mx NPQ) (73) 


Using equation (66) in (73) we can obtain equation (72). From equation (72), it is easy to observe that y = 0 and 0 = 0. 


Hence: 


Theorem 7.2: If X', is a concurrent vector field in a C-reducible areal space X4, parameterised by Cq, scalars y and © 
assume vanishing values. 


Corresponding to tensor Ci 6 we have tensor Se defined as Rastogi [7] 


Sipe m= CC; wD (eee CVC ey ml (74) 
Multiplying equation (74) by X', X™ and using equation (66) and (67), we can get 

Xi XG em = 4 BPre(A ye Ae p— beh?) (75) 
Equation (75), when solved yields 

X's XG An = 0 (76) 
Hence: 


Theorem 7.3: If paar is a concurrent vector field in an areal space X4 parameterised by C3, the curvature tensor oe ek 


satisfies equation (76). 


Tensor C4? a in X, parameterised by C,. Differentiating equation (38) with respect to x’, and using equation (64), we 


can obtain after some tedious calculation 


ABD A B D A B D A B D ABD A B D 
C ij kyr = Aay M i M j M k + Ayr N (DI N ()j N ()k + Ayr N (2)1 N (2)j N (2)k +¥°( IJ K) {Ar M ;M j N (Dk + 
A B D A B D A B D A B D A B D 
Ao MY M™j No @x + A@r Mi Noy Nak + Aa N° cor Nai N-@k + Aw MON @j No @x + Aor N° N° @j N@k + 


Aaoyr MAN a) NP OK + NP yk N?o)} (77) 
Where we have put 


Aa = Cay a 3 Y Cay h, +30 Co) Je Aor = Coy wk +3 B Co h, -30 Ci k,, (78) 





Agy = Cey,1 +3 B Ce jr + 3 ¥ Co ky, Agr = Cy 2+ (B Cay — 2 ¥ Co) hy + 2 © Cao) jr (79) 











Ags = Coy. + (B Cay + 2 0 Cy) je + (Y Cay — 8 Cy) ky — 2 ¥ Caro hh, (80) 
Aor = Cow ,1 - Y Cay — 2 B Ca) hy + © Cr jr — 2 O Cro) ki, (81) 
Agr =Car + B Co jr HY Cay — 2 8 Co) kr + 2 B Cao hi, (82) 
Ay = Cy 1+ (0 Ca + 2 B Cos) jr-¥ Ceo by + 2 Y Caoy Kk, (83) 
Aor = Ce ,r - (0 Ca - 2y Ca) ke + B Cw hy + 2 B Cao jr (84) 
Ado = Cao),r + (B Ca + 8 Ceo) jr + (B Cos) — ¥ Coy) bs + (Y Cow) — 8 Ce) kr (85) 


Differentiating equation X', Cle =20 Hs for X, parameterised by C3, we get on simplification 


M®, M°.{Aa(Cay M*, + Cay N*Gye + Cos) N* ey) + B Age + ¥ Aaot + © Ags} + N¥ cy) NPafAa(Cay Nu + Co M*, 
+ Ca N* ey) + B Awe + ¥ Aa + © Agr} + NPQ NP aK (Aa(Cay N* ay + Cie) M*: + Coy N°) + B Awe + ¥ Ao + © Agy} + 
(MP, Nae + M”, Nay) {Aa(Cay M*, + Ce) NA: + Cio) NA») + B Ag, + ¥y Aw + O Acgoy}+ (M?, Nox + M”, 
N* 0) {Aa(Co MA, + Cao) NA: + Cay N“@) + B AG + Y Aco + 8 Age}t (N? ay) NP @k + Nye N? (2) {Aa(Ca) M*, + Coy 
NAG: + Coy N“@y) + B Ado + ¥ Agr + © Ayr} =2 0. hk (86) 

















Multiplying equation (86) by g's‘p, we get 
B(Agy: + Avr + Aw) + 1 Ag + Aa + Aw) + O(AGy: + Agr + Ac) = 12 @.4 = C ha MA“, (87) 
Hence: 


Theorem 8.1: A four-dimensional areal space X, parameterised by C is such that if, X', is a concurrent vector field, 


coefficients defined by equations (78) to (84) satisfy equation (87). 
In case of a C-reducible areal space equations (78) to (85) will change to 

Agr = Cay.r, Agr = 3 B Cw hy, Agr = 3 B Ces) jr Ayr = B Cay by, Avs) = B Cay jn Ar = C@,r 

Agr = B Ce jr Avy r = Ce) .r» Ar = B Cos) by, Aor = 0. (88) 
Furthermore, equation (86) shall change to 


2Q, ieee = M®; M?.(Aa Cay M*. +B Cay ir) + Nea) Nae {Aa Co M*.)+8 Cor} + No; NP on fAa(Cesy M*.) 
+ BC} + (MP, NK + M”, N* ay) hal Co) NA) (8.6) 


Also, equation (87) can be expressed as 
B(Cay,r+C@ 1+ Ce) =129,-CAaM*, (89) 
Hence: 


Theorem 8.2: A four-dimensional C-reducible areal space X4 parameterised by C2, is such that, if Xi, is a con-current 


vector field, vectors C1) ,-, Ci +, Cig ,, shall satisfy equation (89). 
Tensor C43)? im* in X4 Parameterised by C2. 
Using covariant derivative given in equation (18), we can obtain 
Ligg? = LM", M2) + N'aya NBay + Na N80) = (1/2) Lt hag, (90) 


M' ay? = L"(- L'y M3, + Naya U3) + Nia V)), (91) 
Nia” = L(- L's N® qj — M'a U8; + Nya W9)), (92) 
Nia? = LC L's N®@j — M'a V9} — Nia W9), (93) 


where vector fields UP, ve, and w, in an areal space X4 parameterised by C, are similar to V-connection vectors of 


Finsler space. 
Taking this type of covariant derivative of the vector field X', and using equations (90), (91), (92), (93), we can obtain 


Xai = Lig{ayje -L"(B MP; +Y Nay +O Nw} + M' {By +L" (w/2 Mj =, UF; —89 ve} + Niwaltige +L! 
(a/2 N¥qy, + B UP, - © W*)} + Na lOn + L(a/2 N' ay +B V5 +7 W))} (94) 


Differentiating equation (36) and using equations (90), (91), (92), (93), we get after some lengthy calculations 


Ce = Bays MA, M® Me + Bays NA N¥ ay N° + Bayt N*@1 NPQ NP ee -L CARP LA L'[Cay) M* 
M®; M% + Ce) N®ay Nay Nae + Ca) N®@: N¥a@j NP + Cay{MP(M?) N° ay + MP NB) + NP M9) MP} + 
Cisy{M"M?; NP act Me N®Qy)) + N¥oe M3 MP} + Co{NPay(NPay MPe + N?G M®) + M® N®a Nad + 
Con{N* (NP) N?@x + NP@j NPce) + NF ay N¥ay NP ae} + Coy{M® NP aj N?@x + N¥@(MP) N° + MP N¥0o)} + 
Co{N* cr N¥ aj NP@x + N©a(NP yy NP + N¥ ay NP} + Cam {MPN yj NP @k + Nay NP) + NXP) NP + Mx 
N oy) + N*(M?, NK + M”, N®ay)}] + Jere {Bea - M‘; M’, NP + Bo) - M*; M®; Noe + Bo) - M*; Nea Nae 


E A B D E A B D E A B D E A B D B D 
+Bayr Noa Nai N @xt+ Bayr Mi Nai N @xt+ Bor Near N aN @x+ Bays Mi(N aj N@x +N aj N aw} 


(95) 
where we have taken 

Baye = Cay’ — 3 LC U®, — Cay V"), (96) 
Boy = Cay + 3 L“(Cw U®— Coy WD), (97) 
Bay = Cay + 3 L (Ce V*.— Co) W), (98) 
Baye = Cay +L {(Cay— 2 Ce) U®, + Cy Wor — Cay Virts (99) 
Beye = Coy + L {Cay — 2 CV", + Cay W's — 2 Cas) Ur}, (100) 
Bor = Cove —L{(Cg — 2 Cw) U + Cy Ve + Cay Wert (101) 
Beye = Coy + L{(Ca— 2 Co) We, + Ce Vir + 2 Can) Us}, (102) 
Baye = Cee —L'{(Ce - 2 Ce) V® + Coy UF, — 2 Cas) W*}, (103) 
Boyt’ = Coy - L {Cg — 2 Ca)W",— Ce Us — 2 Cao Viet, (104) 
Bao = Caoya’ + L{ (Cy — Coy) Ve + (Cosy — Con) U®, + (Co — Cosy) We} (105) 


Hence: 


Theorem 9.1: In an areal space X, parameterised by C), the covariant derivative expressed as in (18) of the tensor field 
CARP, is given by equation (95). 


Differentiating equation x A CARP, =20 h?i?:, we can obtain 


X au omnes +X', CTF ie = 20m PP, +@ Bn) (106) 
Using equations (38) and (93), we get 


Xl gin CAP Pe = [Cay MP) MP + Cay(M2) NP cyt MP, NP yi) + Coy(MPi NP yt MP N¥ 0) + Co NPcnj NP + Ce 
NP; NP OK + CoN Pa No. + NK No] [By + L'(w/2 M'; = U*, -90 VDI + [Co NP ay Nuk + Cu M®; M”, + 
Ceo (MPj NP + MP NP) + Con(N? (aj NPE + NPQ) Naw) + Coy N¥@j NP@x + CaM} NP@x + MP NP oye +L 
'(/2 N®ay, + BU", — 8 W*)] + [Ca N¥ a N?@x + Crs) M?) Mk + Cory NPenj NP Gye + Co(M?j NP + MP N® oy) + 
Co(N* nj N ox + N 0 Nay) + CoM; Noe + M?, Nea) MOn” + L'@2 Noo +B ve +Y Ww") (107) 


Using equations (63) and (94), we can obtain 


x ae = BEB MP) MP + Baye (M®) NP + MP N¥cyj) + Boyt (Mj NP@x + Mk NPQ) + Bor NP ay 
NP ak + Baye N° @j N° @x + Bao) 2 (NP ay NP@x + N° a NP] + Beye N° ay N°ax + Bayer Mj M+ Ber (MNP we 
+ MP N® cy) + Boye (NPQ NP @e + NP N¥ qj) + Boy N®@iNP ae + Bao (Mj NP@ct MP N®Q))] + O[Bay 2 Ne 
NP ax + Boy MYM? + Baye N¥cj NP + Be (MP) NP, + MP M®Qy) + Bey (N¥cj NP@x + NP N®@y) + Bao) 
1 (M®; NP aye + M?k N¥qy)] + L"IM*{Cay(a M?; My, + BL?) M?, + BL? M®i) + Ca (MP; N° + MP NB) + + (Y 
M" + B NPcx) L*) + (y M8) + B NPG) LQ) + Co(a(M NP, + MP N®@y) + + (© MY + B NPQ) L*j + (0 M*j + B 
NY Qj) L°) + Cola NP Nae + BNP ax Ly + y N%ayj L2d + Cala NP ey NPox + O(NPo% LY + NP ej LO) + 
Cuo(AQN* nj NP@x + NPQ Ncw + © NP ax +1 N?an) LY +O NP yy + 7 NPQ) L2D} + Neel Cana NP ay NP ae HL; 
NP ay + Lx Nyy) + Cy M5 MPs + B(MY, L*j + MP LQ) + Co(a(MPx, N® cj + MP) NPay) + (BNP ay +¥ Mh) LF B 
NP a + MP) L®) + Con((N* cj NP + NPC NP ey) + CY NY ay +O Nay) Lc + CY NP@n + O NP) L*) + Coa N%e; 
Na + O(N? L? + NP L*))) + Cam(o(M N? a + MP N¥ ey) + (B N¥ aj + © M¥%) L°, + (B NP ax + O MY) L?)} + 
N¥ af Cay(a N? aj NP@x + O(L8) N° + LN? (a) + Ci ( Mj MP + BCL? M?, +L M¥)) + Con(ot NP NP + BLY, 
NP ak + ¥ Lk NPay)) + Ce (a(M8; N? oy, + M,N?) + (B N80 + © M8) L?, + (B NP + O M2) L®, + Co(a(N Pay 
No + NP aye N* 0) Ty N® Qj +0 NP ay) L. + (y NP + 8 NP) ig ts Coo(a(M®; NP + M?, N®uy) + (B N®ay +Yy 
M*) L°. + BN? + YM?) L*))}H (108) 











Substituting from equations (107) and (108) in (106) and also the values of terms on the right- hand side we get on 


simplification 


M®; Mid Cay{Bar + L“(3 a/2 M*,—y U®,— © V4} + Caf + LG o/2 N® ay, + B UY, - © WED} + Cy {On + 
L'3 W2NQ,+ BV ty WD} +B Bor +y Baye + 8 Buys - 4 OH )] + N° aj N°wlC@ {Br + L1G 0/2 M®,- y UY - 
8 V*)} + Cea fy + LG o/2N® ay + B U",— © WD) }4 Cy {On +L'B W/2N% y+ BV ty WD} +BBor +yBor 
+0 Bay —4 om + N° aj NP @xdlCe {Bar + L“(3 W/2 M®, — y U", — © V*)} + Cofym + L'G a2 N*a, + B UY. - 0 
W*)}+ Ca {On" +L'G w/2N®o, +B V+ 7 W)} +B Bee ty Bor +O Bae - 4 oe)+ (M3; Nea + Mi NPay lh 
Cw {Br + L1G a/2 M®,—y U",— © V*)} + Co fr + L'G a/2 N¥y, + B UP, — © W*,)} + Ca {On +L" wW/2N*o,+ B 
VE + y WD} +B Baye +7 Bey + 8 Bao od (M3; NP, + Mx NB) Cos {Bar + LB a/2 M®,-y U,- © V*)} + 
Cao {Yar + L'G a/2 N¥qy, + B UP, — 0 W*)} + Ce {On +L aW/2N* p+ B V+ W)} + BBs: ty Bag, +O Be 
1+ (NP NP ax + NP ay NP ce) Caoy{Bur’ + L1G a/2M®,—y U",— © VD} + Canty + LG W/2N%, + BU", — 8 W*)} 
+ Co) {On +L 3 W2N + BV + y W%)} + (B Baye + Bor + 8 Ber )] + L“IM{Ca( B L®) M°. + BL? M®)) + 
Ca ((Y Mk + BN?) L9, + (y M75 + BNP ay) LQ) + Cs) (OM + B Na) L?| + (6 M3 + BN*Qy) L?) + Co(B Nx 
L8 + y NPL?) + CeO (N° @ L®j + N¥ aj LD) + Cao) (O N° + ¥ Ne) L?| + (O Nay + y N® qj) LD) + 2(L8| Mx 





-L, M*,)} + Ne lCe) y(L*; Nay. +L Nay) + Cu(B(M L*; + M?, Ly) + Co((B N* ay) PY, M*)) et (B NP aK +Yy 
M”,) L*) + Ca((y N* 09; +O Nay) L”, + (y N ox +O Nw 1?) + Cw O(N" 0 Ly + No. L*) + Cao((B N* 09) +0 
M®) Lx. + (BN? ax + © MPs) L®) + 2(L%| NP ye — Lc NP) + NP@yef Ca) CL NP + Lk N¥ ay) + Cos) BCL?) MP + Ls 
M®) + Ca(B L3 Nay + ¥ Lk NB yj) + Ce ((B N?aj + © M3) L, + (BN? + O M”,) L8) + Ce ((y N? aj + © N2ay) Lk 
+ (y N°a. + O NP) L¥) + Cuo((B N¥ cj + y M2) LP + (BNP + y MPs) L®)) + 2 (L8) NP — Lc NP) — WEN yj 
Nex + N¥@j N° — 2 N¥ ay N°] = 0. (109) 


Hence: 


Theorem 9.2: In an areal space X4 parameterised by C,, equation (106), when expanded is expressed in the form of 


equation (109). 
If the space X, is also C-reducible space, equation (109) shall be expressed as 


M8; ML Cay{Bue + L'3 w/2 Me - y U2. -O V5} +B Bor ty Bar t+ 8 Bee - 4 o)] + NB; 
N and {Bye + L'(3 W2M*.-y U,-O VD} + BBor ty Bar +8 Bor —4 Om I+ N? 0) NP od Cy) {Bur + LB 
a/2M®,—y U®,-O V5)} + BB ty Bor +O Bar - 4 Om] + (ME NP + Mx NBG) IC fyue + LB a/2 NF, + B 
UF.- 0 W*)} + BBwao +7 Ber + © Bao) )] + M2 NP + MNP 0y) Cay {On +L" o/2 N¥ ay, + BV". + W)} + 
(B Bo) - +Y Bao) - +0 Be) i) + L'[M*{Cay( B L*, M + B ee M*) + Co (B NP WK L*, TY Noa LY + Cig (O (Nox L*, 
+ N¥ oy LD) + 2(L*) MP — L?, M®)} + Nef CoB NP ay + ¥ MP) Lx, + (BNP + Y MP) L*) + 208 NP — Le 
N* ay} + NP @r{Ce((B N?(j + © M%) Lk + (B NP + OM) L®)) + 2 (L9| N° — Lk N¥ ay) } — WEN? NP + N¥ 093 
N° yk — 2 N¥ a4 N°] = 0, (110) 


: : E E E -1 E E -1 E E -1 E 
in which we can put Buy r= Cay I By) r = 3L Cw) U r Bg) r= 3 L Cig) V 1p Bar = L (Ca) = 2 Cg)U fa 
E -1 E E E E E E E E E E E 
Boy, =L(Cay—2 Ce) Vi, Bo: = Cor» Bor =Co Vs Bear = Cans Boyr =- Cy Uy, Buoy = (Ce — Ce W +. 
Hence: 


Theorem 9.3: In a C-reducible areal space X, parameterised by C), if X', is a concurrent vector field, equation (110) shall 


be satisfied. 
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